Abstract: This paper introduces the design of a fully-compliant Spherical Joint (SJ), obtained by the in-parallel connection of two identical open chains each composed of three equal circular flexible beams, having coincident centers of curvature and mutually orthogonal axes of minimum rotational stiffness. Thanks to its particular topology, the SJ provides a fully isotropic behavior, the two chains being placed in space so as to be symmetric with respect to the beams' center of curvature. At first, the overall system compliance matrix is derived by means of an analytical procedure, in order to obtain a parametric formulation of the SJ behavior within the small deflection range. Then, after finite element validation of the analytical model, an optimization study of the beam geometry is developed, with the aim of maximizing the ratio between the SJ primary to secondary compliance factors. At last, the potential advantages and drawbacks of the proposed design are discussed by numerically evaluating the joint performance in terms of parasitic motions within the large deflection range (namely, when large external loads are applied to the envisaged center of spherical motion).
Introduction
A Compliant Mechanism (CM) may be defined as a single-or multi-piece flexible device that can provide both the mobility of a traditional rigid-link mechanism and the stiffness of a conventional structure [1, 2] . However, since CMs are designed and manufactured in order to transfer specific motions and forces via the deflection of elastic segments, the structural deformation along some selected directions is actually considered a desirable feature. In practice, CMs represent an elegant solution for designers that are willing to replace rigid links connected through traditional kinematic pairs (e.g., pins, cams and sliders) with deformable members. Surely, traditional joints can supply nearly infinite compliance along a given set of axes and rather large stiffness along any other direction. Nonetheless, some unavoidable issues when using these types of kinematic pairs are, for instance, clearance and friction, which may critically affect the accuracy and dynamic behaviour of any device requiring high speed, precision and efficiency [3] [4] [5] . In all these cases, a CM-based design may lead to performance improvements due to the absence of contacts between rigid surfaces and the consequent reduction of wear, need for lubrication and backlash, thus potentially improving the mechanism precision [6] . Other possible CM advantages are the capability to store elastic energy, which can be In the present work, attention is focused on a particular class of beam-based CM, namely the so-called spherical CMs [33] , in which all the points of an end-link are ideally constrained to move on concentric spherical surfaces that are fixed with respect to a ground link, with the spheres' centroid being defined as the center of spherical motion. As for previous attempts to provide this type of motion via compliant structures, a bistable spherical CM has been presented in [34] , where a pseudo-rigid body model has been used to analyze seven versions of the device, each comprising joints of different length. In a similar direction, a spherical lamina-emergent CM has been proposed in [35] , the main purpose being to obtain a compliant mechanical device fabricated from planar materials, although providing motions out of the fabrication plane. In addition, as a possible application of spherical CMs, a compliant Cardan joint has been proposed in [36] , whereas possible CM topologies providing an homokinetic coupling (e.g., double Hook's joint CM) have been reviewed in [37] .
In any case, most of the previous literature reports about spherical CMs that have been realized via the connection of flexures ideally behaving as revolute joints (i.e., conceived for planar applications) or straight beams with circular cross section employed in place of a spherical kinematic pair. On the other hand, as previously shown in [38] , Circular Flexible Beams (CFBs) with rectangular cross-section and featuring lower rotational rigidity along the radial direction, may be better suited for realizing spherical motions. For instance, a comparative evaluation of the parasitc effects for a spherical CM composed by the in-serires connection of either three CFBs or three straight-beam flexures has been reported in [39] . Building on the results of such previous work, this paper proposes a novel architecture for a SJ composed by the in-parallel connection of two identical CFB-based serial chains, each composed of three equal CFBs. Overall, the SJ is designed so that: (1) the curvature centers of the CFBs are all coincident with the desired center of spherical motion; (2) the two CFB-based serial chains are located in space so that each flexure comprises an identical counterpart, symmetrically placed with respect to the plane perpendicular to the axis of principal compliance of the considered flexure. A possible SJ embodiment design is reported in Figure 1 , whereas Figures 2 and 3 depict the geometric parameters of both a single CFB and a single serial chain formed by three identical CFBs. Besides the introduction of this SJ design, the main contributions of the present paper are as follows:
• Analytical computation of the SJ compliance matrix and its subsequent diagonalization via Euclidean transformations; • Validation of the analytical model via Finite Element Analysis (FEA) within the small deflection hypothesis; • Extension of the numerical results in the large deflection range, results being provided via a set of normalized design graphs that allow to clearly spot the optimal CFB geometric parameter for a reduced SJ parasitic behavior.
Benefits of the proposed architecture include the capability to provide an isotropic behavior (when small external moments are applied to the output link, see Figure 3 ), which may be of practical use in precision compliant actuators where the absence of unforeseen external loads can be guaranteed. In addition, also considering applications requiring larger motions [40] , the SJ may be employed in contact-aided CMs [41, 42] , thus mitigating the unavoidable translations of the joint center. The rest of the paper is organized as follows: Section 2 briefly presents background theory concerning the computation of compliance and stiffness matrices for flexure-based systems and recalls the results concerning the CFB depicted in Figure 2 ; Section 3 reports about the analytical model of the proposed SJ, along with the procedure for the compliance matrix diagonalization; Section 4 provides both the FEA validation of the small deflection model and the numerical computations of the SJ behavior in the large deflection range. At last, Section 5 draws the concluding remarks. 
Analytical Design of Flexible Beam-Based Systems: Background Theory
As is known (see e.g., [43] [44] [45] ), the small deflection behavior of either a single slender beam or a flexure-based system in the proximity of an unloaded configuration can be described in terms of a stiffness matrix or, equivalently, of a compliance matrix, whose definitions are hereafter briefly recalled. Let us first underline that, in the following, the left superscript of a vector or a matrix will denote the coordinate frame in which its components are expressed, whereas T will denote a vector (or matrix) transpose. Let us then consider a single slender beam (such as the CFB schematized in Figure 2) 
The symbols p K and p C = p K −1 respectively denote the beam 6 × 6 stiffness and compliance matrices, both comprising entries of non uniform physical dimensions. In fact, note Let us now consider a fully-compliant mechanism composed of both in-parallel and in-series combinations of n flexible members, each being described by a stiffness (or compliance) matrix referred to a set of n coordinate frames S p , for p = 1 . . . n. As shown in e.g., [43] , once expressed in a common reference frame (such as, for instance, S 0 ), stiffness matrices can be added to represent parallel combinations, whereas compliance matrices can be added to represent series combinations. Specifically, the overall stiffness of a collection of n in-parallel connected flexible beams or, respectively, the overall compliance of n in-series connected beams can be found as:
The symbols 0 T p and 0 R p respectively denote the 6 × 6 adjoint matrix and the 3 × 3 rotation matrix of frame S p with respect to frame S 0 , whereas 0 r p denotes the skew symmetric matrix of the position vector 0 r p , which locates the origin of frame S p with respect to frame S 0 . Each term in the sum, namely
simply relates each matrix previously computed in the generic frame S p to the new frame S 0 . Note that mixed combinations of parallel and series generalized spring-like elements require similar groups to be combined first then inverted as necessary to complete the combination. For spherical CMs like those considered here and depicted in Figures 1-3 , made by the connection of CFBs with coincident centers coinciding with the desired center of spherical motion, O 0 , a suitable frame is the one having origin at O 0 and with axes suitably defined in order to obtain (if possible) a diagonal compliant matrix [46] , hereafter referred to as d C. In this particular frame, the matrix d C for an ideal spherical CM, expected to provide a purely spherical motion, should present finite (usually, as large as possible) lower-right diagonal terms (namely, C θ x m x , C θ y m y , C θ z m z ), all the other terms being null. In case of practical (non-ideal) spherical CMs, a measure of the magnitude of all the other non-zero matrix entries can be used to assess the spherical CM behavior for what concerns undesired parasitic effects.
Compliance Matrix of a Single CFB
The CFB compliance matrix, previously obtained in [38] and recalled hereafter for the sake of clarity, when evaluated with respect to a reference frame S 0 centered at O 0 and with axes x 0 , y 0 , z 0 (i.e., parallel to those of primary compliance of each flexure, See Figure 3 ) takes the following form:
where:
], E, ν, and G = 1 /2E(1 + ν) −1 are, respectively, the CFB radius and subtended angle, the beam width, thickness, cross section area, area moments of inertia and torsional constant of the cross section, Young's modulus, Poisson's ratio, and shear modulus of the employed material. The torsional constant, J, has been obtained using the membrane analogy proposed in [47] .
Compliance Matrix of the Compliant Spherical Joint
The compliant SJ studied in this paper is obtained by the in-parallel connection of two spherical serial chains (each formed by three CFBs), and can provide three rotational DoF between an input shaft (fixed) and an output shaft, as depicted in Figure 4a . Let us denote as Chain#1 ( Figure 4b ) and Chain#2 (Figure 4c ), the upper and lower chains, respectively. As previously recalled, the compliance matrix of each serial chain can be simply obtained by summing up the compliance matrices of each beam, once all beam matrices are related to the common reference frame S 0 . Therefore, following the procedure explained in Section 2 and resorting to the methodology reported in [38] , the compliance matrix of Chain#1 (Figure 4b ) and Chain#2 (Figure 4c) , respectively, take the forms:
where: As one can notice, the compliance matrices of the chains are only a function of four independent factors, denoted as a, b, c and d.
A similar procedure can be adopted to obtain the overall SJ compliance matrix, considering the fact that, for parallel combinations, stiffness matrices of the chains should be summed up in the same reference frame. In this case, the following equation holds:
The SJ compliance matrix, 0 C, will then be obtained by inverting its stiffness matrix, 0 K, such that:
, where
recalling a, b, c and d from Equation (6) . Now, the matrix 0 C may be diagonalized using a rigid body transformation. This procedure will simplify the optimization of the CFB geometric parameters, in order to maximize the SJ primary to secondary compliance factors. Let us denote with S d a coordinate frame having an origin located on point O 0 , in which the SJ compliance matrix takes a diagonal form. The frame S d is placed, with respect to frame S 0 , so that its orientation is represented by three Euler angles, α, β, γ, to be found, whereas its translation is trivially represented by three null parameters, namely
In this case, the diagonalized SJ compliance matrix, d C, can be retrieved resorting to the following equation:
By imposing null non-diagonal terms of d C in Equation (9) and solving the three rotation angles,
and γ = 0 are obtained, so that the matrix 0 R d is given by:
Resorting to Equations (9) and (10), the diagonalized SJ compliance matrix takes the following form:
Recalling Equations (6) and (8), it can be noticed that the parameters B and D are both positive in value, thus, 2B + A > −B + A and 2D + C > −D + C, which implies that the terms d C 33 = d C z f z and d C 66 = d C θ z m z are, respectively, the largest secondary and primary compliance factors. In other words, to maximize the joint primary to secondary compliance factors and increase the joint spherical motion generation capabilities, the following ratio should be minimized:
In order to perform a scale-independent parametric study, the curvature radius R of the CFBs is used as the characteristic size to obtain the dimensionless ratio r * = r/R 2 that only depends on the flexure shape factors w/t, w/R and θ. After performing parametric evaluations, within the limits of the slender beam approximation, the results show that r * is almost independent of the relative width, w/R, so that its variation can be represented as a function of beam relative length (namely, θ) and the cross-section aspect ratio (w/t) only. Exemplary numerical results are respectively depicted in Figure 5a ,b. In these pictures, the black inclined straight lines (for given R/t ratios) are included in order to indicate the space of the geometric parameters that satisfy the slender beam approximation, the admissible geometries being those lying on the bottom-right side of the line. In particular, Figure 5a underlines the negligible influence of w/R on the parameter r * for the case w/t = 10 (similar results also hold for different values of the cross-section aspect ratio w/t). In parallel, Figure 5b reports about the influence of w/t and θ on the same parameter. Overall, the results indicate that r * can be minimized by selecting the largest feasible values for w/t and θ for which the flexible members can be considered as a slender beam. 
Numerical Example and Model Validation

Finite Element Analysis with a Small Deflection Hypothesis
The SJ compliance matrix computed via the analytical approach described in the previous section has been validated through three dimensional (3D) Finite Element Analysis (FEA) performed with the commercial software COMSOL 5. The 3D solid model of the hinge is discretized using the automatic meshing routine available in the software. After a mesh convergence analysis, the final employed mesh is depicted in Figure 6a and consists of 15,572 tetrahedral elements and 30,310 nodes. Linear Elastic Material Model accounting for small deformations is chosen to ensure a linear relationship between stresses and deformations. FEA simulations are executed by individually loading the joint center in frame S d along the x d , y d and z d axes and by solving for the corresponding free-end deflections. The compliance factors are then computed as the ratios between each applied force or moment and the corresponding free-end displacements and rotations. Table 1 compares the results obtained via the analytical model described in the previous section and FEA. The comparison shows a close agreement between the two methods, thus validating the equations previously provided. 
Compliance factors
d C x f x = d C y f y [mN −1 ] d C z f z [mN −1 ] d C θ x m x = d C θ y m y [m −1 N −1 ] d C θ z m z [m −1 N −1 ]
Finite Element Analysis with Large Deformation Hypothesis
A nonlinear FEA is further performed on the same SJ model to evaluate the joint behavior considering the large deflection hypothesis. This study is developed to assess the SJ properties when it is intended to undergo large motions and, in particular, rotations up to 45 degrees. Hence, the joint is loaded by large forces and moments, and the relationship between the loads and the deformations is not linear any longer. The nonlinear solver interface of COMSOL accounting for large deformations and geometric nonlinearities has been employed for the simulations. Mesh convergence analysis has been performed to guarantee minimum errors in iterative convergence computations of the software. The simulations have been executed by loading the joint center in frame S d , along the x d , y d and z d axes, and by solving for the corresponding free-end deflections. In order to obtain rotations up to 45 degrees, the joint has been loaded by moments with magnitude in the range od 0 to 2 Nm, with an incremental step size of "0.1 Nm", and forces with magnitude in the range of 0 to 20 N, with an incremental step size of "1 N". In particular, a single force/moment combination along either the x d , y d or z d axes, is considered for each simulation to simply assess the joint motion along each individual axis. The total displacement of the joint center, δ (representing a parasitic motion or, in other words, a measure of the precision of rotation) has then been calculated to compare the results for different loading scenarios. In order to perform a scale-independent study, the curvature radius R of the CFBs is used as the characteristic size to obtain the dimensionless total displacement δ * = δ/R, which turns useful for comparison purposes. Ideally, resorting to Equation (11) , when the SJ is loaded by a pure moment along an individual axis of frame S d , the joint should only provide a rotational motion along the same axis with no deformations along the other axes. However, in the large deflections regime, the SJ also exhibits undesired motions along the other axes. The angle-axis representation of three-dimensional rotations [48] is here used to quantify these parasitic rotations. For any spatial rotation, there exists a unique axis, Γ, about which the overall motion of the end link with respect to its original frame can be defined by a single angle, φ. The following expressions hold for these axis and angle:
where r ij are the components of the rotation matrix, d R s , between the joint deformed frame (hereafter referred to as frame S s ) and its original frame (frame S d ): 
Resorting to Equations (13) and (15), the angle φ and the axis Γ are computed for each simulation step in order to evaluate the orientation of the SJ center when it is loaded by different force/moment combinations. Let us underline that φ represents the desired SJ rotation. In parallel, it is also desirable to assess parasitic rotations, defined by a second angle ψ, which represents the angle between the axis Γ and the axis on which the external moment is applied. The ratio ψ/φ is then used as a reference metric to compare parasitic rotations for each loading case.
Starting from the relation between parasitic displacements and desired rotations, simulations indicate that the total displacement of the joint center is mostly dependent on applied forces, whereas its rotation mainly depends on applied moments. In particular, Figure 7 demonstrates the variation of δ * and φ for different loading cases in frame S d . For instance, Figure 7a For these three extreme loading cases, more detailed contour plots are represented in Figures 8-10 . In particular, the contour plots of the dimensionless parasitic displacement δ * in terms of moment and force are shown in Figure 8 for the three mentioned loading cases. As stated before, δ * is mostly dependent on force variations (in fact, the curves are nearly horizontal), although a minor dependency on the applied moments can also be noticed. The relationship between δ * and the applied moments is mostly dependent on the direction of the applied loads in frame S d and how the SJ is deformed. For instance, for application of moment M y d and force F x d , as reported in Figure 8a Figure 8b . A similar interpretation can be underlined for the SJ desired rotation with respect to the applied forces by comparing the rotation contour plots (namely parameter φ) depicted in Figure 9 . In fact, in this case, the isolines are almost vertical. At last, the contour plots of the ratio ψ/φ, representing a measure of parasitic rotations, are illustrated in Figure 10 . This picture clearly highlights that, for relatively high moment loads in any direction, a value of ψ/φ less than 0.25 can be achieved. This latter value increases whenever the moment loads decrease and the force loads increase (upper left corner of the plots). Finally, contour plots for all the other loading cases are reported in Appendix A, for the sake of completeness. 
Conclusions
The design of a compliant joint, suitable for realizing approximatively spherical motions and featuring two open chains connected in parallel, has been introduced and analyzed. Each chain is composed by the in-series connection of three identical circular flexible beams with coincident centers of curvature and mutually orthogonal axes of maximum rotational compliance. First, the closed form compliance equations of the proposed spherical joint have been presented as a function of the beam dimensions and employed material. It has been shown that, within the small deformation range, the joint can provide an isotropic behavior, its compliance matrix being diagonal. Then, a parametric study has been conducted based on the equations obtained from the theoretical approach, in order to optimize the beam geometric parameters allowing to maximize the primary to secondary compliance factors. Finite element analysis has been subsequently performed, both within the small deflection hypothesis (in order to validate the results obtained from the theoretical approach), and for large deflection hypothesis (in order to evaluate the joint behavior when it is intended to undergo large rotations subjected to large loads). Thanks to its isotropism (in absence of external loads other than the primary moments), this joint design seems interesting for implementing high-precision spherical mechanisms and robotic actuated devices formed therewith. Naturally, due to the chosen topology, the joint center may be affected by undesired translations. Nonetheless, this latter issue may be mitigated by implementing the concept of contact-aided compliant mechanism (i.e., by introducing contact surfaces that mitigate the presence of parasitic motions). Future developments include manufacturing and testing of a physical joint prototype in either plastic or metal materials. 
